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Abstract

Sometiles derivedfrom regularpolygonscanproducespiraltilings of the plane[1]. This paperconsidersome
more generalclassef tilings with tiles derivedfrom regularpolygons,somehave centralsymmetry,many
haveperiodicsymmetry,somehaveboth,anda few haveno symmetryatall. Any of thesetiling patternscould
be the basis for some interesting mathematical art, for example by colouring or decorating the tiles.

Using Regular Polygons to Make Tiles

Overlappingcopiesof a regularpolygonarounda commonvertex producesa patternof rhombi. A tile
canbe choserboundeday sectionsof the perimeterf threeof the poygons(figure 1). A sectionof the
perimeter of a polygon will be termedgalygonal arc.

Figure 1. The construction of a tile.

If the polygon is a regulargon then the angles of the rhombi

are 1h, 2/n, 3/n ... (measured as fractions of a full rotation;

multiply by 360 for degrees, or byZor radians). If the arcs are
measured in units equal to a side of a polygon then by inspection:

t=r+s
R=r/n

S=(t-1)/n

T =1/2-s/n

Figure 2. Copies of any tile with r = 2 will tile the plane.

The tiles can lie between the zig-zag lines in any of four
orientations (reflected or rotated by 180T he tiles meet
at two types of vertex, where the angle sum = 1.

1/2 = 1/n +(t-1)/n+1/2 - s/n
=1+({t-s-2)/n
=1+(r-2/n=1
2(1/2-1/n)+r/n
=1-2/n+r/n=1



In generalit will not be possibleto tile the planewith tiles madelike this because&veryconvexsection
mustbe matchedby a concavesection,which canneveroccur. Therearetwo specialcasesif r = 1 then
the arc is neither concave nor convex;# 2 then in all cases the tiles will fit as in figure 2.

If Sis an exact fraction of a full rotation then a centrally symmetric tiling is possible (figure 3).

Figure 3. A centrally symmetric tiling.

The tiling consists of V-shaped sections witls at the apex.
Each section is in two parts. The tiles in one part are mirror-
images of the tiles in the other part. This is the underlying
structure of all centrally-symmetric tilings with tiles derived
from overlapping polygons.

Thereare somespecialcaseof tilings basedon this basictile. One,found by RobertReid, hasn = 12

ands = 2, sot = 4, sincer mustbe 2 (figure 4). Anotherhasn=10ands=3,sot=5and S=2/5,the

interior angleof a 10-gon,sothe arcsr andt form a singlearcof 7 sides.This tile hasbeeninvestigated
by Haresh Lalvani [2] and it allows a spiral tiling of the plane [3]

Figure 4. A special case.

In Robert Reid's tiling there is a central core that has rotational
symmetry of order three, while the rest of the tiling has rotational
symmetry order four, so the tiling has no overall symmetry.

As well as the usual V-shaped sections this tiling has four radiating
"spokes".

Bi-concave Tiles

In figure 1, if the arc, r, is reflected in the line ST a new tile is produced. This is equivalent to removing
a section from the tile that is bounded by two polygonal arcs that has apical angledph. The new
tile has angles:

R=r/n
S=(@t-1)/n-(r-1)/n
=(t-r)/n=s/n
T=1/2-s/n-(r - 1)/n
=1/2-(r+s-1)n=1/2-(t - 1/n

This time the length of the convex arc is equal to the combined length of the concave arcs, and all such
tiles will tile the plane (figure 5).



Figure 5. All bi-concave tiles will tile the plane in various ways.

We can see that any of these tiles will work because for any tile
the angle sum at each vertex of the tiling is always 1.
The tile can be seen as a modified parallelogram.

R+ S+ T+1/2-1/n
=r/n+s/n+1/2-(t-21)/n+1/2-1/n
=1+(r+s-t)/n=1

Whens = 2 there are further possibilities because the tiles
can fit together in a staggered fashion, analogous to figure 2.

If R is anexactfraction of a full rotationit is possibleto producea centrally symmetrictiling that
consistsof two-partV-shapedsectionsin a similar way to the examplein figure 3. Whenbothr ands
divide n two centrally symmetric tilings are possible (figure 6).

Figure 6. Two centrally symmetric tilings using a tile withn=18,r =2, s = 3.

Thevalueof t is determinedoy r ands, andfour tiles will alwaysfit arounda vertexif anglesof each
type are present(asin figure 5), so all suchtilings with the samevaluesof r/n and s/n haveidentical
structureslin the limit the tiles will havesidesthat are circular arcs(providedthat they havethe same
radius,andthe arclengthssatisfy t = r + ). Providedthatit doesnot dependon somespecificnumber
(suchasthetilings like figure 1, whenr mustbe 2) anytiling hasaninfinite seriesof equivalenttilings,
includingthe limiting onewith circulararcs.The generalcaseof spiraltilings describedn [1] is of this
type, althoughthe specialcasegmostof the examples)arenot, sincethey dependon particularnumber
properties.

An interestingexampleis providedby the three-armedspiral usinga tile from a hexagon(figure 13 in
[1]). Doublingthevaluesof n, r ands givesatile with n=12,r = 2, s= 4, t = 6 with the specialproperty
thatit canbedissectednto two tileswithn=12,r = 1,s=4,t=5. Two three-armedpiralsthatusethis
tile were described in [1], this is a third (figure 7).

Figure 7. A three-armed spiral tiling dissected.



Special Cases

Figure 8 showsan additionalway that sometiles canfit together.Usually thereare no further tilings,
apartfrom thecasesvhens =1 ands = 2. If s= 2 thetiles canalsofit in away thatis analogougo the
tiling in figure 2 (see figure 9).

Figure 8. An additional type of tiling.

There are two types of vertex, both valency = 3.
The same condition is satisfied by both types

R+ S=1/2-1/n

r‘fn+s/n=t/n=1/2-1/n
t=n/2-1
T =2/n

1/2 - (t -1)/n=2/n

t=n/2-1

Thetile with n =10,r = 2, s= 2 (sothatt = 4 = n/2 — 1) is very unusual,and allows a wide rangeof

tilings: standardilings of the typesalreadydescribedfigure 9); figure 10 showsa few unusualways
that this tile cancoverthe plane;figure 11 showsa centrally symmetrictiling with V-shapedsections
arounda centralcore,andanotherthatusesthe sameV-shapedunits arrangecasymmetrically figure 12

shows a tiling that can be seen as spiral in two different ways.

Figure 9. Standard tilings using a special tile from a decagon.

This tile has mirror symmetry, so there are fewer different tilings

that follow the usual patterns. What are two different arrangements in
figure 6 are identical, and the V-shaped sections in the centrally-
symmetric tiling do not appear to be in two parts (as in figure 3).

The variations in figure 5 all correspond to the single arrangement in
a V-shaped section.

Figure 10. Some unusual ways the special tile can cover the plane.



Figure 12. A tiling that is spiral in two different ways.

Periodic Tilings

Therearetwo caseswhen centralregionsof centrally-symmetridilings will themselvedile the plane
periodically: whenthey are hexagonalor square possibly modified. Figure 13 illustrateshow the tile
withn=6,r =1,s=2,t =3 canform hexagonf varioussizes,but thereare equivalenttilings with
thesevaluesmultiplied by anyinteger.As we havealreadyseen(figure 7) the specialcasewhentheyare
doubled produces a tile that can be dissected into two smaller congruemnt#il#2,( = 1,s=4,t = 5).

Figure 13.Periodic tilings based on hexagons.

The squardtself is the basisfor the othertype of periodictiling (n=4,r =1,s=1,t = 2), andagainthe
casewhenthesevaluesare doubledis specialbecauseét producesa tile that canbe dissectednto two
smaller congruenttiles, but in two different ways, sinceit has mirror symmetry. This allows many
variations of the basic tiling (figure 14).
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Figure 14.Variations on periodic tilings based on squares.

Further Possibilities

Althougha few tilings with tiles havingr = 1 havebeenconsideredhereare probablymanymoreto be
found, sincethe constrainimposedby matchingconcaveandconvexarcsis relaxed. Therehasbeenno
consideratiorof tilings derivedfrom polygonshavingan odd numberof sides,which seemto be more
limited, but they are known to allow at leastone type of spiral tiling [4], and manytilings usingthe
reflex equilateralpentagorareknown[5]. Versatiles[6] appealin arangeof spiraltilings, but only the
pentagonalversatile [7] seemsto allow a particularly wide range of tilings, neverthelesshere are
probablymoreto be discoveredAnotherpossibility yet to be exploredin any detailis the usetiles with
boundaries consisting of more than three polygonal arcs.

Many of thesetilings are aestheticallypleasingasthey are,andthey canbe colouredin manydifferent

ways.Figure 14 only beginsto hint at somepossibilities.The resultingpatternscould haveapplications

in architecturaldetails(literally tilings), or in textile design,or simply asworks of mathematicahrt in
their own right.
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